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Application of cross entropy method in estimation of
Gumbel distribution parameters

NIU Lin-sen,SONG Song-bai

(College of Water Resources and Architectural Engineering s Northwest A&F University ,Yangling Shaanxi 712100, China)

Abstract; [Objective] This paper studied the universal applicability of the cross entropy method in es-
timation of hydrology frequency distribution parameters. [Method) Kullback minimum cross entropy prin-
ciple was used to estimate the parameters of Gumbel distribution. Then, Monte Carlo experiments were
performed to verify its statistical performance. Observed precipitations at 6 hydrologic stations, Zhouzhi,
Wugong, Pucheng, Liquan, Baishui and Tongguan in Central Shaanxi, were compared with predictions and
the fitting results were evaluated using cumulative square error. [Result] Monte Carlo experiments indica-
ted that the SE and RMSE of cross entropy method were less than those of moments method and L.-mo-
ments method. The bias of cross entropy method was less than 7%. The cumulative of square errors of
cross entropy method for the 6 hydrologic stations of Zhouzhi, Wugong, Pucheng, Liquan, Baishui, and
Tongguan were 0. 000 017 68,0.000 065 62,0.000 019 66,0. 000 063 00,0.000 014 12,and 0. 000 016 61,
those of L.-moments method were 0. 000 087 62,0, 000 093 55,0. 000 086 52,0, 000 101 39,0. 000 065 15,
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and 0. 000 069 05, while those of moments method were 0. 000 108 74, 0. 000 125 40, 0. 000 092 41,
0.000 127 65,0.000 085 49,and 0. 000 093 57, respectively. The cross entropy method not only possessed

good effectiveness and reasonable non-biasedness,but also fitted better with the observed data series than

traditional methods. [Conclusion) Cross entropy method is a feasible method for parameter estimation,and

it can effectively improve the estimation precision of Gumbel distribution parameters.

Key words: hydrological distribution; parameter estimation; cross entropy method; Gumbel distribu-

tion;fractile-pair constraints
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Table 1 Non-biasedness and effectiveness of Monte Carlo simulations with different sample sizes
—— e
ijﬁnﬁlf E]‘fiﬁiﬂtf?)—\n P z}éﬁ({ﬁﬁ“ﬁ% a u 50/ x50 100/ Z100 Z200/T200 X1 000/Z1 000
size index arameter estimation method

- ik Moments —0.0316 —0.0062 0.0089 0.009 1 0.009 3 0.009 6
ﬂg’ii 2 42 L-Moments —0.016 6 —0.0002  0.000 1 0.000 1 0.000 1 0. 000 1
L H AP Cross entropy —0.0907 —0.0177  0.066 4 0.067 1 0.067 6 0.068 4
Hivk Moments 0.148 8 0.1528 0.152 4 0.150 3 0.149 0 0.147 1
50 *EYEE‘% 2R VE4R ¥ L-Moments 0.131 6 0.1497  0.1412 0.138 5 0.136 6 0.133 9
i 22 H A B Cross entropy 0.127 0 0.1503  0.1235 0.120 2 0.118 0 0.114 7
i %% Moments 0.152 1 0.1529  0.152 6 0.150 6 0.149 3 0.147 4
ﬂ]gﬁﬁ% 2R PESE ¥ L-Moments 0.132 6 0.1497  0.1412 0.138 5 0.136 6 0.133 9
ZEH P Cross entropy 0.156 1 0.1513  0.140 2 0.137 7 0.136 0 0.133 6
4% Moments —0.023 7 0.004 6  0.007 3 0.007 5 0.007 6 0.007 8
ffi2 Bias  ZM:Hi 1 L-Moments —0.012 3 0.000 0  0.000 5 0.000 5 0.000 5 0.000 5
L H A Cross entropy —0.0681 —0.0128  0.0517 0.052 2 0.052 6 0.053 1
Ji3: Moments 0.125 5 0.1292  0.1294 0.127 7 0.126 6 0.125 0
70 ﬁ(ﬁ;’%t 5% L-Moments 0.110 7 0.126 6  0.119 4 0.117 2 0.115 6 0.113 4
28 H Wi Cross entropy 0.104 2 0.126 8 0.105 2 0.102 5 0.100 6 0.097 9
_ Hi¥E Moments 0.127 7 0.1293  0.1296 0.127 9 0.126 8 0.125 3
ﬂgﬁfg’;‘t 2R VE4E ¥ L-Moments 0.111 4 0.126 6  0.119 4 0.117 2 0.115 6 0.113 4
L H Ak Cross entropy 0.124 5 0.1275  0.117 2 0.1150 0.113 5 0.111 4
ik Moments —0.016 5 —0.0033  0.0052 0.005 4 0.005 5 0.005 6
fi 2 Bias VL4 L-Moments —0.008 5 0.000 0  0.000 5 0.000 5 0.000 5 0.000 5
L H K Cross entropy 0.0499 —0.0092  0.0391 0.039 4 0.039 7 0.040 1
49 Moments 0.103 1 0.1079  0.107 7 0.106 3 0.105 3 0.104 0
100 )”ﬂ%f‘g 2k 4 L-Moments 0.090 5 0.1054  0.099 3 0.097 3 0.096 0 0.094 1
’ ZEH P Cross entropy 0.084 4 0.1054  0.0887 0.086 4 0.084 8 0.082 5
i %7 Moments 0.104 4 0.1079  0.107 8 0.106 4 0.105 5 0.104 2
ujgf}g’;‘% 2R PEJE ¥ L-Moments 0.090 9 0.1054  0.099 3 0.097 3 0.096 0 0.094 1
EH A% Cross entropy 0.098 1 0.1058  0.097 0 0.095 0 0.093 7 0.091 8
47 Moments —0.0077 —0.0023  0.0018 0.001 9 0.002 0 0.002 1
{25 Bias £ MEM7% L-Moments —0.0039 —0.0008 —0.0003 —0.0003 —0.0002 —0.000 2
28 H Wi Cross entropy —0.0278 —0.0057 0.022 6 0.022 8 0.023 0 0.023 2
HisE Moments 0.073 2 0.076 6  0.077 5 0.076 5 0.075 9 0.074 9
200 ﬁfg’et 2R VE4E ¥ L-Moments 0.063 4 0.0748  0.0705 0.069 0 0.068 1 0.066 7
’ A H % Cross entropy 0.057 4 0.0749  0.0631 0.061 4 0.060 3 0.058 6
Hik Moments 0.073 6 0.076 6  0.077 5 0.076 5 0.075 9 0.075 0
iﬁgﬁ&i# 2 P4 ¥ L-Moments 0.063 6 0.0748  0.0705 0.069 0 0.068 1 0.066 7
‘ L H A Cross entropy 0.063 8 0.075 1 0.067 0 0.065 5 0.064 5 0.063 0
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Table 2 Length of annual precipitation at 6 hydrologic stations in Central Shaanxi
¥l 44 A= R il ALIR H K Tk
Station Zhouzhi Wugong Pucheng Liquan Baishui Tongguan
2 1F 4Ry Sample period 1957—2008 1955—2007 1959—2008 1959—2007 1962—2008 1957—2008
S K
TR /4 52 53 50 19 47 52

Systematic record length

3.1 BT

VLS % B 45 2 8048 O 00 #h {EL. F) Matlab
2010b Hh LAk bR BB 5E Hi /)N 52 HL AR o B /INEL N
I AT SR IR R S R VR R T I A R AT
XL AR 3. R 3 Al LIA Ok Lt

FHEE M A B R S(P) M1 Dy, (g p) (B /N3E H
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Table 3 Estimated parameters and minimum cross entropies of annual

precipitation at 6 hydrologic stations in Central Shaanxi

Sﬁjtf;n Method (fﬁjﬁl—it};réstimation S(P) Duin (g 1) @ #
Hi¥E Moments 237.245 0 0.506 0 .008 078 563. 766 150
Zl{ifhi 28 7% L-Moments 236.784 7 0.497 3 .007 899 562.142 413
A H % Cross entropy 235.857 5 0.479 8 . 007 092 553.588 061
N Hik Moments 251.349 3 0.665 6 .008 103 535.502 509
W’Afgjng MM % L-Moments 250. 882 2 0.657 0 . 007 868 533.376 963
A H ¥ Cross entropy 250.372 7 0.647 5 . 007 289 525. 845 028
Hivk Moments 227.638 6 0.5317 .010 671 468. 677 088
Pf}f’iﬁng 2R PE4E ¥ L-Moments 227.478 9 0.528 5 .010 587 468. 243 045
22 H AR Cross entropy 226. 450 1 0.508 4 009 440 461.631 738
) 4% Moments 226.137 0 0.610 7 .009 417 469. 552 847
1153%“ 2R 4 1% L-Moments 225.696 3 0.601 9 .009 187 468.014 820
ZE H A% Cross entropy 224.978 0 0.587 3 . 008 368 460. 285 698
# 7% Moments 214.609 6 0.599 8 .010 340 516.106 482
BE:{L A% L-Moments 213.853 7 0.584 0 .010 001 514.210 874
EH i Cross entropy 212.751 5 0.561 1 . 008 852 508.516 273
. i Moments 235.881 9 0.480 3 . 008 939 540. 920 207
Toiian 2 7% L-Moments 235.200 0 0.467 4 . 008 661 538. 839 051
A2 H4#1%: Cross entropy 234.282 6 0.450 1 . 007 789 530. 945 322
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Table 4 Cumulative relative square errors of three different parameter estimation methods
ST - - e , o
Ve BT ik HE 3 i A ik i
ethod of parameter . . . R ~
estimation Zhouzhi Wugong Pucheng Liquan Baishui Tongguan

¥ Moments 0.000 108 74

0.000 125 40
0.000 093 55
0.000 065 62

0.000 092 41
0.000 086 52
0.000 019 66

0.000 127 65
0.000 101 39
0. 000 063 00

0. 000 085 49
0. 000 065 15
0.000 014 12

0. 000 093 57
0. 000 069 05
0.000 016 61

2 ME % % L-Moments 0. 000 087 62
A8 HAFEE Cross entropy 0.000 017 68
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B M S48 12l 56 B 90 58 B 125 1 e 1 1k
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