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Frequency analysis of drought in Heihe river basin
using Copula function

LIJi',LI Yi',HE CHAN-sheng®

(1 College of Water Resources and Architecture Engineering s Northwest A&F University ,Yangling »
Shaanxi 712100,Chinas; 2 Lanzhou University ,Arid Region Watershed Science and
Research Center of Water Resource s Lanzhou,Gansu 730000, China)

Abstract: [Objective) The joint distribution model based on two- and three-dimensional drought varia-
bles was built to estimate intervals of return periods of actual drought variables, which benefits drought
forecast. [Method]) The joint distribution model of two- and three-dimensional drought variables, drought
durations,drought severities and peak intensities, was structured based on 4 symmetric and 5 asymmetric
Archimedean Copulas for Yingluoxia, Liyuan and Zhengyixia hydrological stations at upstream of Heihe
river. Fitting degrees were evaluated to select Frank and Clayton Copulas and the joint return period and
co-occurrence return period were calculated to ascertain the intervals of return period in Heihe river basin.
[Result] The return period of single variable ranged between the joint return period and co-occurrence re-
turn period by two- and three-dimensional variables. When the theoretical return period of single variable
was 5 years,the return periods of Yingluoxia,Liyuan and Zhengyixia calculated by the two-dimension joint
distribution model using drought duration and drought severity were 4—7,2—6 and 4—7 years,respective-
ly. [Conclusion) This study showed that Copulas functions can describe the return period of multivariate

joint distributions of drought variables in Heihe river basin.
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Table 1 Basic information of three hydrometric stations in Heihe river basin
RAFR  RAFR RATR
. - T HK Jiet/H FUJE /mm FUE W / mm .
i pEEE K . . U 1 grE WHR/m
. ; Drought Maximum Maximum Maximum . . .
Station Time span . Longitude Latitude Altitude
times drought drought drought
duration severity peak
95 Yingluoxia 1945—2006 121 24 353.59 62.09 100. 18 38. 82 1700
FLGE v Liyuan 1956 —2006 102 17 40. 63 14.07 100. 00 38.97 1760
1E X % Zhengyixia 1957—2006 99 21 346.02 44, 89 99. 47 39. 82 1 280

®2 BAIANAKXHTFELM . FTEAEMTEINEEELRSARYUSHENEITER
Table 2 Estimated parameters for marginal distribution function of drought duration,drought severity and

peak intensity at three hydrologic stations in Heihe river basin

W4 F & J B8} (D) Drought uration T B F1JF (S)Drought severity T B ZU B I (M) Peak intensity
Station a L « b a b
i %% Yingluoxia 1.93 —0. 36 29.76 0.72 0.70 21.74
Z4GE Liyuan 2.47 —0.13 7.04 0. 84 0.74 4.50
IFE X e Zhengyixia 2.02 —0.33 33.06 0.76 0.92 17. 36
K3 BAINAXGETEIN . FEIENTENEEELRSHFREUSEN KSREZITEMTEEANHEXRY
Table 3 K-S testing function of marginal distribution function and relation coefficients between drought duration,

drought severity and peak intensity of three hydrologic stations in Heihe river basin

K-S #5651 45 i1 1 K-S test statistic I AL A o s S MK 2% (o) Correlation coefficient

(«a=0.10)

Sk - - -
i TR FRmE  PRAUERE
Station Drought Drought Peak 'L}’ltlcal check value D—S D—M S—M
uration severity intensity critical value(a=0.10)
9% Yingluoxia 0.101 0 0.054 5 0.101 0 0.110 9 0.740 2 0.638 6 0.879 6
ZUG Liyuan 0.077 5 0.054 0 0.077 5 0.120 8 0.701 4 0.592 7 0.871 5
1E X% Zhengyixia 0.100 3 0.075 0 0.100 3 0.122 6 0.772 4 0.644 2 0. 846 2
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Table 4 Parameters of two-dimensional drought variables and fitting degrees at three

—_

439 >k A Frank,

=

hydrologic stations in Heihe river basin

X Copula R%L N Copula pR %
i 44 . Iy . 2 . . G .
Station Copola Variable 0 AIC RMSE Station (/Opu,ld Variable 0 AIC RMSE
function function
D—S 12. 00 —337.79 0.039 4 D—S 9. 00 —335.68 0.040 2
Frank D—M 13.35 —320.62 0.046 4 Gumbel D—M 5.00 —317.42 0.047 9
5 7 e S—M  37.23 —339.45 0.0388 || #yEmk S—M  227.94 —338.86 0.0390
Yingluoxia D—S 25.55  —336.55 0.039 9 || Yingluoxia D—S 1.24  —275.00 0.0717
Clayton D—M 5.00 —317.42 0.047 9 AMH D—M 1.23 —293.48 0.060 1
S—M 11.19 —351.17 0.034 7 S—M 1. 20 —166.68 0.200 9
D—S 16. 50 —282.64 0.040 2 D—S 5.00 —282.70 0.040 2
Frank D—M 9.38 —282.12 0.040 5 Gumbel D—M 3. 00 —280.91 0.041 0
AL e S—M 38.52 —289.33 0.037 3 B S—M 212.48 —288.90 0.0375
Liyuan D—S 12.00  —279.66 0.0416 Liyuan D—S 1.22 —231.48 0.0717
Clayton D—M 5.00 —275.52 0.043 6 AMH D—M 1. 20 —254.16 0.0555
S—M 8.23 —312.59 0.0287 S—M 1.10 —107.95 0.289 1
D—S 13.00 —253.24 0.051 4 D—S 12. 00 —252.34 0.0519
Frank D—M 12. 38 —250.08 0.0533 Gumbel D—M 5.00 —247.43  0.055 0
1E X ik S—M 38.83 —280.77 0.037 3 1E S S—M 295. 24 —282.26 0.0367
Zhengyixia D—S 27.50  —252.90 0.051 6 || Zhengyixia D—S 1.26  —210.41 0.084 6
Clayton D—M 5.00 —247.43 0.0550 AMH D—M 1. 24 —232.18 0.065 7
S—M 9.20 —293.53 0.0322 S—M 1.22 —138.33 0.1955
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Fig. 1 Fitting results between theoretic frequency and empirical frequency of two-dimensional joint distribution
model at Liyuan station in Heihe river basin
A. Frank Copula function;B. Frank Copula function;C. Clayton Copula function
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Table 5

Parameters of three-dimensional drought variables and fitting degree

of three hydrologic stations in Heihe river basin

Wi 44 Station Copula PR Copula function 0 AIC RMSE
Frank 29.90 —316. 30 0.048 4
P AMH .65 —177.88 0.180 6
Yingluoxia Clayton .57 —326.57 0.043 9
Gumbel 12. 35 —314. 93 0.049 0
Frank 17.98 —277.88 0.042 5
4 | AMH .24 —157. 44 0.165 4
Liyuan Clayton .80 —285.53 0.039 0
Gumbel 5.63 —275.93 0.043 4
Frank 24. 60 —251.77 0.052 3
iE Sk AMH .73 —144. 66 0.181 7
Zhengyixia Clayton .63 —257.50 0.048 9
Gumbel 10. 01 —249. 94 0.053 4
F6 ETF 5 MIEIFRE Archimedean Copula BHHBHBA I NKNBE=ZHTFEFETE
RESHRBENSHRIEEITMNH
Table 6 Parameters of three-dimensional drought variables and fitting degree
of three hydrologic stations in Heihe river basin
b7 Copula R % S50 S8 0, . .
Slflﬁn Coptﬁa funlcﬁzon Parameter 01 Parameter 0 AIC RMSE
M3 12.65 37.41 —314.56 0.049 2
X M4 4.57 20. 24 —320.78 0.046 4
?ﬁﬁoxia M5 17. 26 224.23 —314. 36 0.049 3
M6 5.08 37.43 —315.07 0.049 0
M12 2.47 9.40 —316. 31 0.048 4
M3 8.30 38. 87 —260.78 0.0515
S0 M4 3.38 13. 81 —278.56 0.042 1
Liyuan M5 5.10 228.08 —272.60 0.045 1
M6 2.86 14. 06 —275.27 0.043 7
Mi12 1.78 5.00 —277.42 0.042 7
M3 11.32 38. 84 —248. 80 0.054 1
N M4 4.58 13.95 —250.99 0.052 8
;Eliu:éixia M5 12. 54 271. 46 —249. 39 0.053 7
M6 4. 89 14. 94 —248. 21 0.054 5
MI12 2.37 5.75 —247.04 0.055 2

3 5 3 6 1 AIC #1 RMSE {7 41, Clay-
ton Copula PR T 1 5 I3 i, - 52 202 - 5241
JE W (R B = 4RI & 4 A B R A LG ROR B fE . ¥
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BLEER(E 2 BRI A BRI B, AR5
K H] Clayton Copula bR £ 2 = 4k + 5 K¢ iE 2% &
PSR i

2.4 SUTEHTTEHSEAHNITHE

s i A o FE B PR E (T 4 5oh 1,2, 5,
10,20,50 1 100 4FA , 3 4o B A% o 5 3 1 0 F 430 A 5
(1D f 38 pR 85, 1T 5 ok T 5 D L R 208 DL R+
BRI EAA , SR 5 AR A 20 (12) L (15) 1155 40 B 19
Copula pREA . f 5 AR A (13) 0 (14) Je =z (16)
(17), A] 3R A5 X 0L 9 B¢ B 35 8030 (T, o [] 20 = 2 469



A

%13

.55 5T Copula 5 %5 H4 B3RV 1T 54045 4 A 7

(T JHURWAR T, ha 7 LB/ 3 A K 30 Y
LI o0 A1 H A AR [ A R L R A Y O
WE(DRT =4 REERY (T O MmN T
X 7 £ [) 30 AT (T ) 4 b vl AR 90 3 3SR A 1 Bk
oA B 0 S B 5 AR e B R R AT
Tt RPAT A5 2R [+ 58 B AR+ R
KA RRAR 2 U U R (T BN,

AR IR 5 T B A0 (LG T 2 s 119 572 e i B T L
BN o X T [R] — oK SO, = 4 e IR G
(TO/NF A A5 B (T, i [+ B 5 8
WICT o) R T AL — 4 728 i 1 [R) B S 8000 (T
W Ab 2 i B A IR R B SR AE Y
BB DL AT AR 8 AR B AR I A o0 A A R Y
ML AR HC At 72 1 2 5 1) T B .

1.0 1.0r1 O %
B & c prd
> 0.8 2 08 r t /e » 087 s
= =] LV/EN = e+
: : ; "N :
¥g o6 ¥e o6t Ko Meo6T A
K& K& S K& )
P L2 ‘e L2 Lt
@ﬁ“‘:{ 0.4 ﬁa‘é 04 @ﬂ“’:{ 041
. § i | A
£ 0.2 Eo2f A7 £ 02}
/.
0 1 0 L L L ' 0 L L L L 1
0 02 04 0.6 08 1.0 0 02 04 06 0.8 1.0 0 02 04 06 08 1.0
LW LW INE LR
Empirical frequency Empirical frequency Empirical frequency
Kl 2 3T Clayton Copula pfi #5048 2 (1 FE RT3 3 N 7K Sl T 2R AiE AR it
SRR AT A T B R 5 25 00 AR Y DL G R
AL BRI B, A5 w5 C. IE ik
Fig. 2 Fitting degrees of theoretic frequency and empirical frequency based on Clayton
Copula function among drought duration,severity and peak in Heihe river basin
A. Yingluoxia;B. Liyuan; C. Zhengyixia
R7 BETEECopula BHEHMENBEASAHN KNG FEFLETEN - ZHKSENH
Table 7 Two-and three-dimensional joint return periods based on the best Copula function
of three hydrologic stations in Heihe river basin
I TR TRIE T 52080 E D—S D—M S—M D—S—M
Wi % (D/4 (D)/H  (S)/mm (M) /mm
Station  Return Drought Drought Peak - . - - - = . )
period  uration  severity intensity T/ To /4T /4 To /4 VAR To /47 T/ To /4
1 2.26 12.78 8. 48 0.98 1.13 0. 94 1.17 0. 95 1. 06 0.91 1.18
2 4.68 39.3 20.48 1.81 2.24 1.67 2.49 1.71 2.41 1.5 2.88
i 5 8.01 88.59 37.76 4. 00 6.67 3.95 8. 44 3.56 8.42 2.82 13.75
E% ;E 10 10. 62 134.77 51.35 7.05 17.21 6.30 24.29 6.25 24.94 4.67 58. 36
Yingluoxia
20 13. 31 187.68 65. 21 12.50 49. 86 11. 46 77.96 11. 39 82.08 8.12 305. 62
50 17.02 267.01 83. 81 27.92 240. 28 26.61 415. 30 26.48 445. 80 18. 23 3 502. 80
100 19.92 333.57 98.03 53. 05 862. 05 51.63 1 560.10 51.53 1692.70 34.92 24 866.00
1 2.33 3.15 2.02 0.92 1.09 0. 88 1. 14 0.93 1.09 0. 87 1.17
2 4.52 8.76 4.62 1.71 2.39 1.57 2.76 1.63 2.58 1.46 3.01
5 7.22 18.53 8.29 1.92 5.18 4.82 90. 23 1.95 57.92 1. 86 92.16
B4 [l - R
Li 10 9.13 27.32 11.16 6.49 21.74 5.96 31. 04 5.98 30. 4 4. 56 66.78
Jlyuan
Y 20 10. 93 37.15 14.07 11.72 67.94 11.05 104. 92 11.06 104, 34 7.99 361.70
50 13. 15 51.55 17. 96 26. 89 351. 88 26.09 581.48 26.11 586.08 18. 06 4 250. 80
100 14.72 63.4 20.93 51.94 1 309.50 51.10 2 227.70 51.13 2 255.30 34.75 300 587.00
1 2.13 16.51 10. 46 0. 95 1. 05 0.9 1.11 0.93 1. 08 0. 89 1.12
2 4.42 44,98 21. 87 1.82 2.22 1. 65 2.55 1. 66 2.51 1.50 2.90
- 5 7.64 93.37 37. 24 4. 04 6.56 3. 50 8.78 3.43 9.21 2. 81 13. 86
Z}‘J:-EX ji 10 10. 24 136. 27 48.97 7.12 16.75 6.21 25,67 6.08 28.23 4.66 58. 96
engyixia
20 13.00 183.72 60. 75 12.63 48.18 11.37 83.67 11.17 95. 44 8.12 310. 36
50 16. 88 252.57 76.38 28.07 229.16 26. 48 449,49 26. 24 530. 06 18. 21 3 554. 10
100 20. 00 308. 83 88. 24 53.18 816. 88 51.45 1 694. 60 51.27 2 031.60 34.89 25 224.00




8 P AL AR MRB 222 4R (A SRR 2 B

#%

M TR ] LAFR L A B e T A0 0 e
MR G0 T = = 2728 i [m] B 8 B I0) (1) 4 4
W T e T AR A BB EE B (T L B WA R
DI 1R O e R N LT R R e R O

LA SR ] 8 i vk vy B B R U B (T O
Bl HAT D =R ERGEAY (T 5 R E
B (T M8, 404 o B S U BOe (E o 5
AR e AR BT RS T R (D — S MBS
L) L[] B B A 23 S O 4. 00 T 6. 67 AR, EEE
WIS A TR L = Z 0] s i = A A ) B
FIW (T L0 14 4F, it 7 A ] 4878 40 1Y
(] BT BT (T ) - i WY BB JE AR R 9 1+ 5 1
KR ERGCRM TR EEG KL, HHR+
AR B BIE (E Y 5 AR, 4R pS
BT O 20 3 4F /N T AN [R] 478 A I 45 B 2
WYCT,) T E B A5 e 2 R B B RO A T R =
i 5 o [R] AR B AR AR BN T IV Y
TR, J3 AN MR T AR RS
(T, F ) 3L e BB (T ) T R Bofli i 58 br B 522
o 400 A EBC(EL Y BT AT SR AR A+ R
K A B AR A X6 T8 WL AR AR A — E 1Y
HeREXL.

3 45

Copula pf %14 P 5 o H: G 96 1R 4 o JH T 4 22
R AR AR R G A AR S E 5 L RT3
"t g e AL D] ol 1 IE SO B L = AR B A A
LR Ay 191 45 3 T 006 £ S B0 30T R () R R 1 9 A
MU B R R BN e Y T S
WK 5 Y] -5 A0 N () B B 2 e ln] LK =
24 JK 5 B 400 0[] B i BRI A O B e A Y 2
ANl S e B T BN O /N el AR
6 = HE A A T B S B Y B i R Y
W HIEAT A3t a8 2 52 B 50 A ] K. Copulas bR %K
AT DU M by 2 2 2 T A I A i ) BB I 5 )
A A3, 78 53 M v BT — s 1 S A M

[ 5 % 30k ]

C1] 0Bl S04 20 2200 o 45 IR 8RR T 5 48 A B Ry B 90 3
J& (1] AR 44, 2004,13(4) :21-26.
Liu G S.Guo A H,An S Q,et al. Research progress in Palmer
drought severity index and it”s application [ J]. Journal of Nat-
ural Disasters,2004,13(4) :21-26. (in Chinese)

[2] Wilhite D A, Hayes M J, Knutson C, et al. Planning for drought:

(3]

(4]

(6]

(7]

(8]

9]

(10]

[11]

[12]

[13]

Moving from crisis to risk management [J]. Water Resour As-

soc,2000,36(4):697-710.

B AR B A PR B K SO R A A BRI SR AT [T 1L KR

2 E 2 ,2008,19(3) :443-452.

Xie H,Huang J S. A review of bivariate hydrological frequency

distribution [J]. Advances in Water Science,2008,19(3) ;443-

452. (in Chinese)

WAL EEM.H X%, Copula pRETTE £ 48 Bk SCAMHT T

B b R R E ST BE R [T, K 3C,2008,28(3) : 1-3.

Guo S L,Yan B W, Xiao Y, et al. Multivariate hydrological a-

nalysis and estimation [ J]. Hydrology, 2008, 28 (3): 1-3. (in

Chinese)

FlE A A g, BR B, AFL LR LB K 8 XU 43 AT

[J]. /K F)2£42,2010.41(5) :553-558.

Yan B W,Guo S L,Chen L,et al. Flood encountering risk anal-

ysis for the Yangtze River and Qingjiang River [ J]. Journal of

Hydraulic Engineering,2010,41(5) :553-558. (in Chinese)

XURG 5 R T 5. DX ) T RS0 VI K 7 858 4G i KU [T,

KRR R L 2009,20(5) :619-625.

Liu Z M,Chen Z S. Risk study of the bivariate encounter of in-

terzone rainstorm and flood level of the outer river [J]. Ad-

vances in Water Science,2009,20(5) :619-625. (in Chinese)

Mo ERAES L BEL AR AR T HE KO R 5 I R AR G

AWIE L], KBk i, 2008, 19(1) :54-60.

Xiao Y,Guo S L, Liu P,et al. Seasonal flood frequency analysis

and flood prevention standard [ J]. Advances in Water Science,

2008,19(1) :54-60. (in Chinese)

ik W R EM LS. B2 T Copula BRI Bt K i 7R BE HLEE

LT B2 4 TR, 2008, 41(4) 1-2.

Zhang T,Zhao C W,Luo W S. Random simulation of flood hy-

drographs based on Copula function [J]. Engineering Journal

of Wuhan University,2008,41(4) ;1-2. (in Chinese)

Renard B, Lang M. Use of a Gaussian copula for multivariate

extreme value analysis: Some case studies in hydrology [J].

Advances in Water Resources,2007,30:897-912.

Song S B, Vijay P S. Frequency analysis of droughts using the
plackett copula and parameter estimation by genetic algorithm
[J]. Stochastic Environmental Research and Risk Assess-
ment,2010,24(5) :783-805.
Song S B, Vijay P S. Meta-elliptical copulas for drought fre-
quency analysis of periodic hydrologic data [J]. Stochastic Envi-
ronmental Research and Risk Assessment,2010,24(3):425-444.
Kim T W, Valdés J B, ASCE F,et al. Nonparametric approach
for bivariate drought characterization using palmer drought
index [[J]. Journal of Hydrologic Engineering, 2006, 11(2)
134-143.

RANMKALHE Ha IR P K SO R S B TR g [T,
PHALRAMB B4R - A IRBL R, 2008,36(4) : 193-198.
Song S B.Kang Y,Jing P. Parameter optimum estimation for
hydrological frequency curve [J]. Journal of Northwest A&.F
University: Nat Sci Ed,2008,36(4):193-198. (in Chinese)

(T#% 228 7))



